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The propagation of a shock wave, the process of decay of the wave, and the
motion of a type of simple wave in a two-way uniform symmetric traffic flow
are studied on the bases of the hydrodynamic model postulated by J, Blick and
G, Newell [1], An expression is obtained that connects the flow parameters at
the front of the shock wave, The decay of the wave is investigated in the vici-
nity of the head part by using expressions of the parameters in power series in &
small quantity, Terms of the expansions are calculated that characterize the
rate of change of the wave profile and its curvature at the wave front,

1, Formulation of the problem, In the hydrodynamic theory of two-way
uniform symmetric traffic flow two continuity equations

ap , 9 (pu) 9 | O(gv)
—0':-"*'—79?:0’ '37+T=0 (t.9)

are used to determine the form of dependence on the independent variables of the ave-
rage speeds u and v and densities p and ¢ of two homogeneous streams of traffic
moving in opposite directions, The system of equations (1,1) is completed by the two
empirical relations

u = vy— ap— fy, v=1uo+ fp +ag (1.2)
which represent the average speeds as functions of the densities of both sweams,

The region of physically acceptable solutions of the system (1.1), (1.2) is bounded;
it can be represented as the union of the regions of hyperbolicity and ellipticity of the
system of equations [1, 2}, The laws of motion and growth of initially small perturba-
tions of the flow parameters and the magnitude of the time interval required for the
transformation of a weak discontinuity into a shock wave are obtained in [3],

On the generated shock wave the following conditions are satisfied { 1] :

Po (1 (Ro, 90) — wl = p [u (p, ) — w] (1.3)
90 [ (Poy g0) — wl = qlv(p, ¢)— w]
Here the initial unperturbed state is denoted by subscript zero and w,denotes the speed
of the shock wave, Eliminating w we obtain the equation of the shock polar

pu(p: q) — pox (po, 90) __ 4v (P, 9) — gov (Po, Go) L4
P—po 7—go (1.4

2, Motion of the shock wave, Inequations(l,1), (1.2) we introduce dim-
ensionless quantities according to the equations [1]
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and obtain the following system of equations, which it is convenient to write in matrix
form [3], with the primes omitted

P (pu)p Puq ]
1., = = y A == . (2‘1)
Ut + Abx Ov U [ q ] \: qu \qv)q
u=1—p— Bqg, v=—14fp+19 (2.2)

The equation of the shock polar is not changed by making the change to new variables,
We rewrite the system (2,1) in the form
LW [U; + AU} =0 2.3}
Here
M2 = [(B—2) (p — ¢) £ RI/2

(R=(2— (B+2) (0 + 9i*— 4f%p9)")

L =[2— (P42 (p+9 = R— 26p
are respectively the eigenvalues and the left eigenvectors of the matrix 4.

In the hodograph plane along the characteristics r!'2, whose equation has the form

Bp (dg)t — 12— (B + 2) (p + 9)] dpdq + Bg (dp)* = O (2.4)
the system of equations (2, 3) is written as
L14U =0,  dU = [ ap ] (2.5)
dg

We substitute the expressions (2, 2) for the average speeds into the Eq, (1,4) of the
shock polar and differentiate the result with respect to p. Thus we obtain
Po 3 .
Plat+pgp—B2 pgen bag+ ela+por—LEL g pr fap=0 25)
Here
P=(p—po)/ po Q=1(g— q0)/ %
denote the intensities of the shock waves for each of the one-way streams forming the
two-way flow, The expression (2,6) together with Eq, (2, 5) along the (! character~
istics [2— (B+2) (p + 9) + Rl dp — 28pdg = 0
shows the behavior of the flow parameters at the shock wave front in its motion in the
two-way stream,

3, Decay of the wave, InEgs. (2.1), (2.2) we change to the variables t" and
v using the equations

3 —ar T ot 9z T T K ov

and represent the unknown densities p and ¢ of the flow in the vicinity of the front
= 0 as power series in T
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p= D px (), 9= D) ar ()7 (3.4)
k=0 k=0

Substituting (3, 1) into the transformed equations and equating coefficients of like
powers of 7, we obtain the equation of the zeroth approximation

[4—2py— Bgo— Al p1 = Brots (3.2)
the equations of the first approximation
[1 — 2po — Bgo — A] p2 = Bpogz + Y2 [Ap' + 2,1 (Pr + Bn)]

(3.3)
1—2po—Pgo—A _ Apy + 2p1(p1+ Bgy) 3,4)
Bgo T hgi =2+ 90 ’
and the equations of the second approximation
[1 — 2po — Bgo — A] pa = Ppogs + Y/s [Ap2’ + 3 (2p1 + Ba1) p2 -+ 3Pprge]
1 ~— 2po — Bgo — A Ap2 +3(2p1+ Bgy) p2 + 3pmge (3.5)

Bao = TAgz — 3pqipz— 3 (Bpr -+ 291) g2

In these equations dots in the positions of the primes denote derivatives with respect to
time, The initial conditions are

t =0, P1 = Pios 91 = Qo
The solution of Egs, (3.2) and (3,4)

qo
g1 = 7o bp

| go g0 oy ~1
R

p={1—2po— Pgo — A}/ fPgo

A\ |
qo g0 ) L
B=2pm{(1+ﬁ)(\1+7{}‘> (f’"‘ P‘/(\ - ”)jt
expresses the law of decay of the rate of change of the wave front,
The solution of Egs, (3,3) and (3, 5)
qo q0
=2 Bp2+ Dﬁpo(i —;O—P‘) p?

p= (;}:l; )3 (¢Pw?t 4 px)
= —D [2pE 4 3 (1 — qop*/po)(B + uP + 29o1*/po)]
D = (1 4 B) (1 + qoi/Po) 9o1*/B (po — gou?)?
E=2[(1 4 B) (1 4+ qoli/po) — (B -+ qoi/po) (1 — go?/py)}

characterizes the decay of the curvature of the shock front,

4, A particular solution, Wwe will seek a solution of Eqs, (2.1) and (2,2)in
the form of a simple wave, that is, we assume that p = p (¢). The system (2,1), (2.2)
is then reduced to one equation
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ot +[Bap"— 1 + Bp + 2] g« = 0 %)
and the compatibility condition (2, 4) for the equation under consideration, The solut~
fon of Bq. {4,1) z— [Bgp’ — 1 + Bp + 241 t = 1 (g

contains an arbitrary function f (g), whose form is determined by the pattern of the ini-
tial distribution of density in one of the one-way streams,
The solution of the compatibility equation (2,4), written in parametric form [1]

ds (r) ds (r) B
p=r p —8(r), q:-:T, a-_—..-z—(—i——_T_—B-)-
¢ I o 2 e dr )
$M="T77Tp [Sr“{i—i-;)”“'rc}

together with the particular solution p -+ 7 = 1 represents the desired relation,
The author thanks S, V, Fal'kovich for discussion of the results of this work,
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