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The propagation of a shock wave, the process of decay of the wave, and the 
motion of a type of simple wave in a two-way uniform symmetric traffic flow 
are studied on the bases of the hydrodynamic model postulated by J. Blick and 
G. Newell 113. An expression is obtained that connects the flow parameters at 
the front of the shock wave. The decay of the wave is investigated in the vici- 
nity of the head part by using expressions of the parameters in power series in a 
small quantity. Terms of the expansion are calculated that characterice the 
rate of change of the wave profile and its curvature at the wave front, 

1. Formulation of the problem. In the hydrodynamic theory of two-way 
uniform symmetric traffic flow two continuity equations 

are used to determine the form of dependence on the independent variables of the ave- 
rage speeds u and v and densities p and q of two homogeneous streams of traffic 
moving in opposite directions. The system of equations (1.1) is completed by the two 
empirical relations 

U’Vo- ap - Bq, v=%IfBP+~ (1.2) 

which represent the average speeds as functions of the densities of both streams. 
The region of physically acceptable solutions of the system (1. l), (1.2) is bounded; 

it can be represented as the union of the regions of hyperbolicity and ellipticity of the 
system of equations [l. 2j, The laws of motion and growth of initially small perturba- 
tions of the flow parameters and the magnitude of the time interval required for the 
transformation of a weak discontinuity into a shock wave are obtained in PJ, 

On the generated shock wave the follo.wing conditions are satisfied [ l] : 

PO Iu @o, 90) - 4 = p Iu @, q) - 4 (1.3) 
90 Iv (PO, Qo) - ml = 4 [u (PI !I) - WI 

Here the initial unperturbed state is denoted by subscript zero and lu,denotes the speed 
of the shock wave. Eliminating w we obtain the equation of the shock polar 

pu (P* 44 - pou (PO7 a4 = qv (Pl 9) - 5-v (pot QO) 
P--PO 9 - 4% (1.4) 

2. Motion of the shock wave. In equations (1.1). (1.2) we introduce dim- 
ensionless quantities according to the equations [l] 
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and obtain the following system of equations, which it is convenient to write in matrix 
form p], with the primes omitted 

Ut+AU,=O, u= p r. 1 , 
4 I 

(2.i) 

u=f-p--q, v=--1+BP+7 (2.2) 

The equation of the shock polar is not changed by making the change to new variables. 
We rewrite the system (2.1) in the form 

Here 
.I.‘*’ [ I_Jt + h’*W,] = 0 (2.3) 

IL”2 = [(B- 2) (p - q) * RI/2 

(R = CD - 03 + 2) (P + di” - 4f32P9)'") 
Ll*Z = [2 - (B f2) b +91 c R- 2&l 

are respectively the eigenvalues and the left eigenvectors oi’ the matrix A. 
In the hodograph plane along the characteristics @, whose equation has the form 

BP @A2 - 12 - (B + 2) (P + q)l dpdq + 89 (+I' = 0 (2.4) 

the system of equations (2.3) is written as 

L’,“dU = 0, dU = 

We substitute the expressions (2.2) for the average speeds into the Eq, (1.4) of the 
shock p&r and differentiate the result with respect to P. Thus we obtain 

Here 

p = (P - PO) / PO7 Q = (‘I- 90) 190 

denote the intensities of the shock waves for each of the one-way strexns forming the 
two-way flow. The expression (2.6) together with Eq. (2.5) along the cr character- 

istics I2 - (6 + 2) (P + 9) + RI dp - 2Bpdq = 0 

shows the behavior of the flow parameters at the shock wave front in its motion in the 
two-way stream. 

3. Dacry of thr wave. In Eqs. (2. l), (2.2) we change to the variables t’ and 

t using the equations 

t’ = t, z=t-- 
dz -- 

x 1 ‘- dt 

a 
-= 
at 

&+-& &-+& 

and repesent the unknown densities p and q of the flow in the vicinity of the front 
T = 0 as power series in r 
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P = $j Pk (t) 7’1 Q= i G’k(t)T’ (3.1) 

k=a k=o 

Substituting (3.1) into the aansformed equations and equating coefficients of like 
powers of T, we obtain the equation of the zeroth approximation 

Ii - 2PO - I% - Al Pl = BPOQl (3.2) 

the equations of the first approximation 

[I-22po- fiqo-h]pz= BP092 + 72 [Lpi $ $1 (Pi + 84dl 
(3.3) 

1 - 2POBg fvqo - h = 2:: + 2Pl (Pl+ fhl, 

0 - &?l (BP1 + 91) 
(394) 

and the equations of the second approximation 

[I- 2po - pqo - h] pa = fIpoqs + l/s [hpa' + 3 (2p1+ Ball pn + WPl@l 

1 -2PO-p840-- = hpp’ + 3 (2p1+ pq11 pl + 3BPl@ 

BQO Iq2 - 3pq1p2 - 3 (BP1 + w 92 
(3.5) 

In these equations dots in the positions of the primes denote derivatives with respect to 
time. The initial conditions are 

t = 0, Pl = PlOT Ql = QIO 

The solution of Eqs. (3.2) and (3.4) 

expresses the law of decay of the rate of change of the wave front. 
The solution of Eqs. (3.3) and (3.5) 

q2 = -$ ILpz+ Df@a(l-- EP2) P? 

p2= $,f(cp1dt + p2o) 
c 

c = -D [2pE + 3 (i- Q”P”lPO)(B + PB + 2qoPlPo)l 

D = (1 + I.8 (1 + w/~o) ~o$lB (PO - qo$)’ 

E = 2 [(I + B) (1 + qo/dpo) - (B + qov/Po) (1 - qo,u2/Po)l 

characteries the decay of the curvature of the shock front. 

4. A particular BOlution. We will seek a solution of Eqs. (2.1) and (2.2)in 
the form of a simple wave, that is, we assume that P = P (q). The system (2. l), (2.2) 
is then reduced to one equation 
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qz+tBPP-- f + BP + Jql qx = 0 Wf 

and the compatibility condition f2.43 for the equation under consideration. The solut- 
ion of l?q, (4.1) 

z- &P’- 1 + B&J + 2q1 t = f (d 

contains an arbftray fWcti0n.t (q), whose form is determined by the pattern of the ini- 
tial dfstrfbution of density in onk of the one-way streams. 

The solution of the compntibiUty equation (2.41, written in parametric form fl] 

d# (t) 
P -_p- 

dr -s(r), p =$gk B 
a = 2 (f + B, 

The author thank S. V. Fal’lmvich for discussion of the results of this work. 
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